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XII. On the Bicircular Quartic.—Addition to Professor CasEY's Memoir “ On a new
 Form of Tangential Equation.” By A. CAYLEY, LL.D., F.R.S., Sadlerian Pro-
Jessor of Pure Mathematics in the University of Cambridge.

Received January 24,—Read February 22, 1877.

ProFEssor CASEY communicated to me the MS. of the foregoing Memoir, and he has
permitted me to make to it the present Addition, containing further developments on
the theory of the bicircular quartic.

Starting from his theory of the fourfold generation of the curve, Prof. Casey shows
that there exist series of inscribed quadrilaterals ABCD whereof the sides AB, BC,
CD, DA pass through the centres of the four circles of inversion respectively; or (as it
is convenient to express it) the pairs of points (A, B), (B, C), (C, D), (D, A) belong to
the four modes of generation respectively, and may be regarded as depending upon
certain parameters (his 6, ¢, 8", 6", or say) w,, w,, w;, @ respectively, any three of these being
in fact functions of the fourth. Considering a given quadrilateral ABCD, and giving
to it an infinitesimal variation, we have four infinitesimal arcs AA/, BB/, CC, DD';
these are differential expressions, AA' and BB' of the form M,dw,, BB and CC’ of the
form M,dw,, CC' and DD’ of the form M,dw,, DD’ and AA’ of the form Mdw; or, what
is the same thing, AA' is expressible in the two forms Mdw and M,dw,, BB’ in the two
forms M,dw and M,dw,, &c., the identity of the two expressions for the same arc of
course depending on the relation between the two parameters. But any such monomial
expression Mdw of an arc AA’ would be of a complicated form, not obviously reducible
to elliptic functions ; CAstyY does not obtain these monomial expressions at all, but he finds
geometrically monomial expressions for the differences and sum BB'—AA/, CC'—BB/,
DD'4-CC/, DD’ — AA' (they cannot be all of them differences), and thence a quadrinomial
expression AA'=N,dw, + Nydw,+Nydw,+Ndw (his ds'=pdi+¢df +¢"dd"+¢"dé"); and
that without any explicit consideration of the relations which connect the parameters.

I propose to complete the analytical theory by establishing the monomial equations
AA'=Mdo=Mdw,, &c., and the relations between the parameters », @, w,, »;, which
belong to an inscribed quadrilateral ABCD, so as to show what the process really is by
which we pass from the monomial form to a quadrinomial form

AA' (or dS)=Ndw+N,dw,+N,dw, + Nydaws,
wherein each term is separately expressible as the differential of an elliptic integral ;
and to further develop the theory of the transformation to elliptic integrals: we require
to establish for these purposes the fundamental formule in the theory of the bicircular
quartic.
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442 PROFESSOR CAYLEY ON THE BICIRCULAR QUARTIC.

I remark that in the various formule f, ¢, 4, 4,, d,, ¢, are constants which enter only
in the combinations f4-0, f—g, §,—4, 8,—48, 4,—¢, that X, Y are taken as current coor-
dinates, and these letters, or the same letters with suffixes, are taken as coordinates of a
point or points on the bicircular quartic; the letters (z,9), (€1, 41)s (%2 o) (@5 ¥s) are
used throughout as variable parameters, viz. we have

(f+0)2*+(g+0)y'=1,
(f+0) #i+(g+0 ) yi=1,
(f+6,) v+ (g+0) y:=1,
(f+0.) a5+ (9+4,) ys=1;

cosw  sinw . , . ..
, are functions of a single parameter », and similarly (,,7,)

VIHE vVg+o
(%2, 95), (75, 9,) are functions of the parameters u,, ;, w; respectively; we sometimes use
these or similar expressions of (#,7) &c. as trigonometrical functions of a single para-
meter, but more frequently retain the pair of quantities, considered as connected by an
equation as above, and so as equivalent to a single variable parameter.

so that », y=

 Formule Jor the fourfold generation of the Bicircular Quartic.—Art. Nos. 1 to 5.

1. We have four systems of a dirigent conic and circle of inversion, each giving
rise to the same bicircular quartic: viz. the bicircular quartic is the envelope of a gene-
rating circle, having its centre on a dirigent conic, and cutting at right angles the
corresponding circle of inversion; or, what is the same thing, it is the locus of the
extremities of a chord of the generating circle, which chord passes through the centre
of the circle of inversion, and cuts at right angles the tangent (at the centre of the
generating circle) to the dirigent conic; the two extremities of the chord are thus
inverse points in regard to the circle of inversion. The four systems are represented by
letters without suffixes, or with the suffixes 1, 2, 3 respectively, and we say that the
system, or mode of generation, is 0, 1, 2, or 3 accordingly.

2. The dirigent conics are confocal, and their squared semiaxes may therefore be
represented by f4-0, ¢+06, f4+0, g+0,, f+0, g+0s f+08, g46, (which are in fact
functions of the five quantities f4-4, f—yg, 8,—4, 6,—0, 6,—0); and we can in terms of
these data express the equations as well of the dirigent conics as of the circles of
inversion ; viz. taking X, Y as current coordinates, the equations are

f+0 +y+0 =1, (X—a P+ (Y—B P—9*=0, or X*4Y*— 22 X—28 Y+4% =0,
X2

f_|_9 +g+6 =1, (X 0‘1) +(Y 6)2 v1=0, or X2+Y2_2“1X_261Y+k1=0’
X2 Y?

FriTrn =l (X—af +(Y—Bf —#=0, or X*+ V22X~ 2B,Y +1,=0,
X®

f_ﬁg*m:l’ (X =P (Y — B, —73=0, or X*+Y’— 20X —28,Y 4,=0,
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where

N ERTE Tl T —(f e (40) =)= (40

A LRI 0 T (g 4 g)B= (g+-0) 8= (9+0) 8= (g+0)Bx

FHO g0y = 0 —0,.0—0,.0—0,
O gO . = b—0 .6,—0,.6,—0,
Fily. g4, 02 = b—0 . 0,—06, . 0,—

FH0, g0, 2 = 0,—0 . 0,—0, . 0,—0,.

f+9+9+91 +62+03=k+26=k1+261:]{/'2""262:]{;3""263

b,
b

3. The geometrical relations between the dirigent conics and circles of inversion
are all deducible from the foregoing formulee; in particular the conics are confocal, and
as such intersect each two of them at right angles; the circles intersect each two of
them at right angles. Considering a dirigent conic and the corresponding circle of
inversion, the centres of the remaining three circles are conjugate points in regard as
well to the first-mentioned conic, as to the first-mentioned circle; or, what is the same
thing, they are the centres of the quadrangle formed by the intersections of the conic
and circle.

4. The centre of the conics and the centres of the four circles lie on a rectangular
hyperbola, having its asymptotes parallel to the axes of the conics. Given the centres
of three of the circles (this determines the centre of the fourth circle) and also the
centre of the conic, these four points determine a rectangular hyperbola (which passes
also through the centre of the fourth circle); and the axes of the conics are then the
lines through the centre, parallel to the asymptotes of the hyperbola.

5. The equation of the bicircular quartic may be expressed in the four forms

(XY =& P—4[(f+0 )(X—a )+ (g+8 (Y-8 )7]=0,
(XE+ Y= I =4[ f+0)(X =o'+ (g +06,)(Y —B,)]=0,
(XY — b —A[( [+ )X =)+ (g+6,)(Y —B,)"]=0,
(X2 Y2 — I P— A[(f+6) (X — )+ (9 4+ 6,) (Y —B,)*]=0,

the equivalence of which is easily verified by means of the foregoing relations.

Determination as to Reality.—Art. Nos. 6 and 7.

6. To fix the ideas suppose that f—g¢ is positive; then in order that the centres of
the four circles of inversion may be real we must have f40.f44,.f44,. f+4, positive,
but g+46.940,.9-+0,.9+0; negative ; and this will be the case if f40, f+80,, f+0,, f+4,
are all positive, but g460, g40,, g+6,, g+98; one of them negative, and the other three

3r2
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positive. In reference to a figure which I constructed I found it convenient to take
45, 8, 8y, 0, to be in order of increasing magnitude: this being so we have f44; positive,
g0, negative; and the other like quantities f44,, f+40,, f46, g+4,, g+b, g+0, all
positive: we then have o and y} each positive, ¢3 negative, y; positive : viz. the conics
and circles are v

Hyperbola I, corresponding to real circle C,,

Ellipse E, " real circle C,,

” E, »  imaginary circle G,
(viz. the radius is a pure imaginary)

' E, ' real circle C,,

and where the confocal ellipses E,, E,, E, are in order of increasing magnitude. The
centre C, is here a point within the triangle formed by the remaining three centres
C,, Gy, C;. It will be convenient to adopt throughout the foregoing determination as
to reality.

7. It may be remarked that a circle of a pure imaginary radius y, =%\, where 4 is
real, may be indicated by means of the concentric circle radius A, which is the concentric
orthotomic circle; and that a circle which cuts at right angles the original circle cuts
diametrally (that is, at the extremities of a diameter) the substituted circle radius A;
we have thus a real construction in relation to a circle of inversion of pure imaginary

radius.
Investigation of dS.—Axt. Nos. 8 to 17.
. . . .oX2 Y
8. The coordinates of a point on the dirigent conic m—]—m:l may be taken to

be (f+6)z, (9+0)y: and we hence prove as follows the fundamental theorem for the
generation of the bicircular quartic. Consider the generating circle, centre ( f40),
(g4 0)y, which cuts at right angles the circle of inversion (X —a)*4+(Y—B)*=9* If for
a moment the radius is called 9, then the equation of the generating circle is

(X—f4bep+(Y —g+0y)=0";
the condition for the intersection at right angles is

(e—f+ 0P +(B—g+0y)’ =7+,
and hence eliminating 8, the equation of the generating circle is

X4 Y hm 2(X o) f4 )= 2(Y = B)(g+ Oy =0

and considering herein &, y as variable parameters connected by the foregoing equation
(f+ 02>+ (9+0)y*=1, we have as the envelope of this circle the required bicircular
quartic,

9. It is convenient to write R=%4(X*+4Y?—£%); the equation then is

R—(X—a)(f+ 02— (Y—L)g+0)y=0;



PROFESSOR CAYLEY ON THE BICIRCULAR QUARTIC. 445

the derived equation is
(X—a)(f+0)dz+(Y —B)(g+0)dy=0;

and from these two equations, together with the equation in (2, ) and its derivative,
we find X—a¢=Ra, Y—(B=Ry; from these last equations, and the equations
R=4(X"+Y*—%), (f+0)2*+(9+0)y*=1, eliminating &, y, R, we have

(fH0)(X—af+(g+0)(Y—RF =R,
(X2 Y2 b — AL 0)(X— )+ (g + O)(Y — B =0,

the required equation of the bicircular quartic.

10. We have thus X—a=Rz, Y—B=Ry, as the equations which serve to determine
the bicircular quartic: if from these equations, together with R=%(X*+Y>—%), we
eliminate X, Y, we have R expressed as a function of &, y; and thence also X, Y
expressed in terms of &, y; that is in effect the coordinates X, Y of a point of the
bicircular quartic expressed as functions of a single variable parameter. The process

gives 2R+k=(a+Rx)’4(B+Ry)’, viz. this is
R*(2*+9°) —2(1 —ax —By)R+o*=0,

or putting for shortness

Q=(1—ar—pyP—7(@"+7’)

that is

this is
R__l—aw—ﬁ?/+ '\/\(—2
- 2 2
z*+y

b

or say the two values are

R:l—mw—ﬁy+ 4/6 R,:l—ax—ﬁ?/— "/Q .
'z."i__l_yg > $Q+y2 ’

to preserve the generality it is proper to consider ./Q as denoting a determinate value
(the positive or the negative one, as the case may be) of the radical.

11. Considering the root R' we have X =« +R'z, Y =3-+4R'y, and from these equations
we obtain

dX=Rdr+zdR/,
dY =R'dy+ydR’;
but from the equation for R' we have
[R'(2*+9*)— (1 —ax—By) 1dR +R*(wdx +ydy) + R (ada+Bdy) =0,
that is |
—/QdR +R/(Xda+Ydy)=0,

whence

IX=Rdo+- 5 (Xdo+Ydy),

/
4Y =R'dy + % (Xdz+Ydy).
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12. The differentials dz, dy can be expressed in terms of a single differential dw, viz.
writing
COos w sin w

e V=g
O=(f+0)(g+0),

r=

then we have

dr=— \/ o ydw, i Y= f;/—é* rdw.

It is to be observed that when the dirigent conic is an ellipse,  is a real angle, and

® is positive (whence also ,/@ is real and positive), but when the dirigent conic is a
hyperbola, » is imaginary, and © is negative; we have, however, in either case

dx2+dy2:(f+e)wg (g9+0)%y? do?,

and we may therefore write

do ds ]

VO W(f+0)%2 + (g+0)%
where \/( f+0)**+(g+0)%° is positive; ds is the increment of arc on the conic
(f+0)2*+(g+06)y’=1, this arc being measured in a determinate sense, and therefore ds

being positive or negative as the case may be: V 5 has thus a real positive or negative

value, even when w is imaginary, and it is convenient to retain it in the formule.
13. It may further be noticed that if v denote the inclination to the axis of & of the

tangent to the dirigent conic at the point \/ 1440 cosw, J gj—lé sinw (v is CASEY’S ), then

cos v

e=" J_.T;% where U=( f+14) cos® v+ (g+0) sin’ v,
viz. we have
Cos w cos v sin w sin v

Ni+6 U2 Wg+o U
dw  dv )
giving, as is easily verified, s Vo U we have therefore
dw v — v
(xﬂ_i_ya) V@—u(m9+y9)’ _
or
dw 2 2
\/@:(w +°)dv,

. . d
which is another interpretation of —x/%

14. Substituting for d, dy their values, the formule become
IX=-Sg !~ Oy + g (— g+ XY fdo

=71 (f+e>w+7ﬁ(—(g+e)yX+<f+A)wY)}dw
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‘We have
X +yY=azx+ By (2°+9°)R’
=1 ——\/f_l,
that is
1=1=2X—yY :
)

and consequently the foregoing expressions of ‘dX, dY become

Rldeo

dX= NCIV)

g +0)y(eX+yY —1)+a(—(g+0yX + (f+0)2Y)}

Rlde — F1 7
=6 Vol Uy +fFI)Y (g + 0},

Ay :%{ (f+0)r(l—aX—yY)+y(—(g+0)yX +(f+6)2Y)}

| :'Z/%E%/“ﬁ%(f+9)3«"—‘((f+6)x2+(g+9)y2)X},
or finally

X = Rldw v 0 _ Rldw R 4
=vo yai Y00yt =g vgiRy+B—(g+0yt

Y = ;%{X-(f+9)w}, =~v:§—'f-/“i—ﬁ{R'x+a-—(f+e)x}.
15. We have
(Ra+a—f+8aP+(Ry+B—g+by)
=R*(a?+5?)—2R/(1 — az— By)
+(a—f+ba)+(B—g+09);
viz. this is

=(e—f+0xf +(B—g+0yF—7"
=09, the radius of the generating circle.
Hence if dS, =+/dX?+dY?, be the element of arc of the bicircular quartic, this ele-
ment being taken to be positive, we have

¢ R'd3dw

B=" 5 Ve

where ¢ denotes a determinate sign, + or —, as the case may be.
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16. I stop to consider the geometrical interpretation ; introducing dv, the formula
may be written ‘
_ . R(@* 4y dv
(JZS_—~~v—~—~/‘-(—2 )

we have (2247 )R =1—ar—LBy—+/Q, or

(xQ-l-yQ)R'_l—aw—ﬁy_] )

va T wvaQ ’

1—az—By . . . . .
Varg S the perpendicular from the centre of the circle of inversion upon the

tangent to the dirigent conic, and - “/QQ ~ is the half-chord which this perpendicular
r°+y

forms with the generating circle. Hence t%ﬂ —1 = (perpendicular — half-chord)

=+half-chord, the numerator being in fact the distance of the element dS (or point X, Y)

from the centre of inversion : the formula thus is

a8==%5 do,

where 0 is the radius of the generating circle, ¢ the distance of the element from the
centre of the circle of inversion, and ¢ the chord which this distance forms with the
generating circle. If we consider the two points on the generating circle, and write

(e—d)3dv

ds for the element at the other point, then we have (dS+4-dS')= —_'r——fc——, =20 dv

(which is Casry’s formula ds' —ds=2¢ d¢ (273)).
17. The foregoing forms of dX, dY are those which give most directly the required
value of dS, but I had previously obtained them in a different form. Writing

A=Pa—ay+(f—g)y,

then
vA=pa"—azy+[(f46)2"—(9+0)y°];
or since
, (f4+0)=1—(g +0),
this is

#A =2 —awy+[1—(9+0)(2"+5")}, =y(1—ar—Ly)+(*+y°)B—(9+9)),

=@+ {yR'+B— (7 +0)y} +9/Q;
that is
2A—y/ Q=(2"+7") {yR'+B—(g+0)y},

and similarly

—yA—ay/ Q= (2*+1*){ 2R+ a— (f+0)z}.
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‘We have therefore

Rldw

dX=($2+y2) NV (zA—ya/Q),

R'dw =
dY:(we._*_ye) ,\/@ ,\/ﬁ (yA+$\/Q),

and thence a value of dS which, compared with the former value, gives
Q+ A= (2*+15°)¥,

an equation which may be verified directly.

Formule for the Inscribed Quadrilateral.—Art. Nos. 18 to 22.

18. We consider on the curve four points, A, B, C, D, forming a quadrilateral,
ABCD. The coordinates are taken to be (X,Y), (X,,Y,), (X, Y;), (X, Y;) respec-
tively. It is assumed that (A, B), (B, C), (C, D), (D, A) belong to the generations

1,2,38,0, and depend on the parameters (2,,9,), (22 ¥.)s (s ¥s), (2, y) respectively.
We write

Q=(l—az—Ly)y—r(e+y)
Q=(1—at,—By ) —7iz1+41),
Q,=(1—os,—Boys) — 72(22+92),
Q,=(1—ao,— By — 7323 +73)s

and then, /Q denoting as above a determinate value, positive or negative as the case

may be, of the radical, and similarly \/ Q, \/ Q,, \/ Q, denoting determinate values of
these radicals respectively, each radical having its own sign at pleasure, we further
write

@+ )R =1—az —By —/Q, (Hy)R=1—as—By++/Q,
@+ Ri=1—22,— By —/ Q0 (B+)R=1 -2, —Bgr+/ D
@+ )R =1— 02, — Bg— Qs (83443 Rs=1—02,—Bys +4/ D,
(@R =1—oz,—By— Q0w (@+P)R =1—az —By +/Q;

and this being so, we must have

X =a +Ro=a,+R2, Y =B +R'y =—‘B¥+R.yu RI_—‘%(XZ"I’YQ-I(; )a R1=%(X2+Y2—kl),
X1=0‘1+R,1m1=“2+R2372a Y1=31+R’13/1=52+R2 23 RQ=%(X?+Yf_k1)’ R2=%(X?+ Yf—kg),
X2:“2+R’2x2=“3+R3‘T3, Y2=62+R; 2=63+R3 39 R;=-%—(X§+Y§—k2), R3=%(X§+Y§"k3),

X,=a,+ Rz, =a +R2, Y,=0:+Rys=B +Ry, Ri=4X;+Yi—k), R =§(X3+Yi—%);
MDCCOLXXVII. 3s
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and then from the values of X, Y, R/, R, we have
e—a, +Rr—R2,=0,
B"‘"Bl +R'y—R1%=O,
(6—6)+R —R, =0,
giving ‘
L (B =B)x =) — (2 —e)(y —y.)+(0 —8)(x y,—xy )=0;
and similarly
(Br—Bo) (@, — &) — (e — )91 — ) + (6, — 0, ) (2. —2:9,) =0,
(Ba= Ba) (@ — @)= (ota— 3 )(Yo—s) + (0, — b5 )(x9:—29.) = 0,
(Bs—B N@s—2 )= (ta—a )(9:—y )+ (6:—06 )(wy — 95)=0,
which are the relations connecting the parameters (2, %), (%1, 9.), (¥ ¥2)s (5 75) of the

quadrilateral.
19. We have thus apparently four equations for the determination of four quantities, or

the number of quadrilaterals would be finite; but if from the first and second equations
we eliminate (2,,%,), or from the third and fourth equations we eliminate (23, ¥5), we find
in each case the same relation between (&, y), (23, 9,), viz. this is found to be
QQ,=1—ax,—By.) (1 —a,x—B:9)";
and we have thus the singly infinite series of quadrilaterals. We have, of course,
between (), ¥,), (%5 ¥,) the like relation,
Q.Q,=1—a,2,—B,9s) (1 — oy, —Bs7,)".

20. The relation between (x,¥), (#,,7,) may be expressed also in the two forms:

Tmer (2 2)— B (y+92)+(FH0)02+ (g +0)gm+ Y (a—agy—B—Py) =0,

zY—2Y

1—e(2+a,)—Bi(y+y)+(f+0 Jve+ (940 Jyy+ PR o ay—B—Ba)=0.

Y — T
In fact, the first of these equations is
1+ (f+6)ee+(9+0)ypn ey —2y) —{e(e+a)+By+y)H (@ —2y)
+{(a—a)y—(B—P)z (2" +y°)=0,
which, by virtue of the original form of relation, is

— (L (0o, + (g4 )y, E B = o))

—{a(@+a,)+B(y+y) ey —2y)+{ (@ —ew)y— (B—B)a j(#* +47)=0;

or, in the first term, writing

_B=B_ p a—m_ —a
0—0, —g+8> 06,7 f+0
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and in the third term

(@—b)e

FTEET ~(-B)="53

)
g+é "’

this is

(1+()"+6,)a:x,+(9+61)yy1)(’3 if_f f‘)—“(j’«j y‘))

L [all—b)  BO—b, 0t
—{ofa+a)+B0+p)}en—ag)— () =0 ) @) =0;

and in this equation the coefficients of  and of B are separately =0: in fact the
coefficient of 3 is

—_ +6 6—40
FEe +J;+ei 2 (@ =)+ @ =)= G+ —09) + g 2@ +y)

Z)

= A L= (08— (005t —; T 1= (00— (g+0)y} =0

and similarly the coeflicient of « is =0.
And in like manner the second equation may be verified.
21. The two equations are:

l—ex —By — (4R =ar,+By,—(f+ él)xxl—(g+61)g/yr,
1—e,— By — (2147 Ri=ecnr+ By —(f40 )axr—(9+6 )yy: 5
or, substituting for R/, R, their values, these are

V@ =+ By —(f+0)r 2,—(9+6)y 3 &/ Q=—0r =By +(f+0)e 249+ )y 155

and similarly
Vv Q=04 B— (F+8)a2— (9 +0.)095 v L=—0t,— B+ (f+6)2.2.4 (946,55
V Q=0+ Bogs— (F+H6:)2585— (9 + 0 )25 &/ Qo= —atsts— Bego+(f+02) 0034 (946:)y:57
V' Q=ap +By —(f+6)aw —(g+0 yy » V@ =—er,—Bya+(f+b)aww +(g+0)yy -
Differentiating the equation
(B=PB)(r—2)—(2—a )y —9)+ (6 —b)(25,—2y)=0,
[(B—=B)+(E—0)y.)de —[(a—a,)+(8—6,)z.)dy
—[(B—B)+(E—0)y Yo, +[(a—a)+(8—b.)v 1y =0;

and writing herein

we have

9+ _—(g+9)
dor= _(q'\/@—) ydw, dxlz—%ﬁ Y, dw,,
_ St _ S+
dy= Vo vdw, dy,= Vo, z,dw,,

382
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we find
__%_ $(g+6 ) B—By +(f40 Ne—e)x 4+(0—0,)((f+0)xa,4(g+6)yy)}

dwl

+Ve H-I—G)(ﬁ =By +(f+0)(e—a)w,+ (6 —6)((f+b)ee+ (g +6)yy.) =

viz., dividing by §—0,, this becomes

do, dw,
\/le@) —/Q e =0, that is ~/®~/Q+ N RIS

._0;

or, completing the system, we have

dw —dw, d‘;’a _— _d“"S,.A
NONOT VO, VO, VO, VO, VO, VO

which are the differential relations between the parameters w, w,, @, w,, or (2, 9), (2, 7,),

(2 92)s (%5 Ys)-
22. From the equations X=uo+R'z, Y=0B+R'y, we found

Rldw
iX= 5y 1Y+

W= S (X (f+o)e};

the new values, X=a,+R,z,, Y=0,+Ry, give in like manner

R, dw,
dX=— VO, VO, {Y—(9+0)5.t
R,dw, .
A=~ e X = (F4)0}

and in virtue of the relation just found between dw and dw, these two sets of values will
agree together if only

R{Y—(g+0)y} =R {Y—(g+06.)1},
R{X—(f+0)2} =R {X—(f+0)a}.

These are easily verified : the first is
RY—(g+6)(Y—=B)=R'=b6+6)Y —(9+6,(Y—p.),

viz. this is (¢40)8—(9+90,)8,=0, which is right; and similarly the second equation
gives (f+40)e—(f=6,)x,=0, which is right.
From the first values of dX, dY we have, as above,
R dw

dS= my
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and the second values give in like manner
__ 5 Ry3 dw, a'wl
B="a ve,
where ¢, is=4-1. It will be observed that we have in effect, by means of the relation
(B=B)(z—2,)—(e—ea)(y—2,)+(0—0,)(2y,—2,y)=0, proved the identity of the two
values of dS.

Considering the quadrilateral ABCD, and giving it an infinitesimal variation, so as to
change it into A'B'C'D/, then dS is the element of arc AA'; and writing in like manner
ds,, dS,, dS; for the elements of arc BB/, CC, DD/, we have, of course, a like pair of
values for each of the elements dS,, dS,, dS,.

Formule for the elements of Are dS, dS,, dS,, dS,—Art. Nos. 23 to 27.

23. The formula are

ds -*e'R'B‘/QN/@ —: R, «/dei/@’
dS,=¢ Ry, 76%6‘ —eR), ﬁ%
ds,= 'RQBzV&%_eaRBS m" N
dS,=¢R.3, 7%%:51%3 '«/—5@7@”’

where the ¢'s each denote 1. Supposing as above that ¢®is negative, but that ¢?, 52, o2
are positive ; then R, R have opposite signs: but R}, R, have the same sign, as have
~also R} and R,, and R, and R, 'We may take 9, 9,, 0,, and 9, as each of them positive:

dw, dw, dwg .
‘\/Q ‘\/0 »\/Q \/@ \/\Q }\/@ N/‘Q ~/® are +9 ,+, -, O —, +7 ) +
hence to make dS, dS,, dS,, dS, all positive,

the signs of

! / / !
¢, €1 5 &2 €3 5 € 5 &y €3 5 &

must have signs of :
] I I ' .

R’ _Rn Rza _R3a —Rl’ Rza ""Ra’ R,

or else the reverse signs: hence in either case ¢=—¢, ¢ ==¢, ¢,=¢,, ¢,=¢,; or the

equations are

dw
= — ’B = B —_—1 ——y
das ¢R \/Q\/® &, R0, VO, Vo,
—_ iy Moy _ dwy
dS,;= R}, v, V@~52R282 v, \/—@:
. ] dw, dwg
dS;= &R, 82 vV, V@*“saRSBa ‘\/ﬁs v@’
dS,= RD—1" _—.Ry ™

2 NTORVON NV
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24, But we have R'_R:%%g &ec.; and hence, putting for shortness
> o 3, %
@+ VO (@249 VO, (@i +3°) VO, (a5 +1s") VO,
dS +dS;=+2¢ P dw,
dS,—dS = —2¢,P dw,
dS,—dS,= —2¢,P,dw,,
dS; —dS = —2¢,P,dw,,

=Ps Pu P2, Pa’

and consequently
dS =¢Pdw+¢,P,dw, +¢,Pdw,+¢,P.dw,,
dS,=¢Pdw—:¢ P dw, +¢,P,dw,+¢,P.dw,,
aS,=ePdw—¢,P,dw, —&,P,dw,+¢,Pidw,,
dS,=¢Pdw—:¢,P dw, —¢,P,dw,—¢,P . dw,,

which are the required formule for the elements of arc.

25. The determination of the signs has been made by means of the particular figure ;
but it is easy to see that the pairs of terms could not for instance be dS —dS,, dS,—dS,
dS,—dS,, dS,—dS, or any other pairs such that it would be possible to eliminate
ds, dSs,, dS,, dS,, and thus obtain an equation such as

ePdw 4¢P, dw, +4¢,Pdw,+¢,Pydw, =0 ;
this would, by virtue of the relations between dw, dw,, dw,, da,, become

RERVCONR Y I XV, OSSNV W
2 2 1,2 2 2 n 2 2 3,2 27
x*+y "+, Zy"+ Yy Z3"+ Y3

b

an equation not deducible from the relations which connect @, @,, ,, w;, and which
therefore cannot be satisfied by the variable quadrilateral.
26. The differentials of the formule are, it will be observed, of the form Pdu

_ 8 dw
T (@ +) VO

cosw Sinw

where /0, =«/f+0.g+0 is a mere constant, «, Y="Vith Vgib and
P=((f+0e—a) +((g+y—B) —7*

viz. the form is

v/ (cosa NFi—a)*+(sinw Vg +0—pP—7*
Ve, (e sinte “
vO. ( g+ /)
which is, in fact, the same as CASEY’s form in ¢ (equation (300), his ¢ being =90°—w).
Writing as before v in place of his 4, the differential expression becomes simply =0ddv:
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but 3 expressed as a function of v is an irrational function M+Na/U, and 3 would be
the root of such a function; so that if the form originally obtained had been this form

ddv, it would have been necessary to transform it into the first-mentioned form

3d . . . . .
(w9+§5;)7§’ in which 3 is expressed as a function of (, y), that is of w.

27. The system of course is

dS =eddv+¢,3,dv, + £,9,dv, + £,9,dvs,
dS,=eddv—¢,3,dv, +£,0,dv, +£,0,dvs,
dS,=eddv—¢,0,dv, — &,9,dv, + £,0,dv,,
dS;=eddv — ¢,0,dv, — £,8,dv, — £,9,dv,,

dw

where du:m &ec.; and this is the most convenient way of writing it.

Reference to Figure.—Art. No. 28.

28. 1 constructed a bicircular quartic consisting of an exterior and interior oval with
the following numerical data: (f+4,=48, f44,=56, f+4,=60, f+44,=80;
g+0,=—6, g+0,=2, g+4,=6, g+ 0,—=26),—not very convenient ones, inasmuch as the
exterior oval came out too large. The annexed figure shows 0, 1, 2, 3, the centres of the
circles of inversion, the interior oval, and a portion of the exterior oval, also the origin

and axes; it will be seen that the centres 0, 2 lie inside the interior oval, the centres
1, 3 outside the exterior oval: I add further the values

NfH0,=693, &/ —(g40,)=245, a,=10-18, B,=— 98,
NFF0=T48, g+o, =141, o= 873, B,=+4294,
NH6=TT5, fg+b =245, ay= 815, Bo=++ 98,
\/f—|—02:8’94, \/g—|—02 =609, a,= 610, B,=-4 -23.
We thus see how there exists a series of quadrilaterals ABCD, where A, B are situate
on the interior oval, C, D on the exterior oval. Considering the sides as drawn in the
senses A to B, B to C, C to D, D to A, and representing the inclinations measured from
the positive infinity on the axis of # in the sense @ to 9, by v,, vy, vy, v Tespectively, then
in passing to the consecutive guadrilateral A'B'C'DY, we have v, and v, decreasing,

v, and v increasing, that is, dv, and dv, negative, dv, and dv positive; then reckoning the
elements AA’, BB, CC', DD/, that is dS,, dS,, dS,, dS, as each of them positive, we have

dS,—dS, = —25,dy,,
S, — dS,= —2,du,,
dS — dS,= +25,dv,
dS, +dS =-+25 dv,
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and thence

dS =ddv—23,dv, —3,dv,+d,dv,,
dS,=3dv +9,dv,+0,dv, —d,dv,,
dS,=3dv —,dy, +D,dv,—S,dv,,
dS;=0dv— d,dv,—d,dv, — d,dv,,

which are the correct signs in regard to the particular figure.

Reduction of j‘(—ég—_;%%”iv—@ to Elliptic Integrals.—Art. No.

29. The expression in question is

de . A/ (cos Vf+0—a)®+ (sinw \/ﬁa_ﬁ)e_,ﬁ,

{cos2 w , sin®w

Fri ey Ve

29.
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where 4/ @ is a mere constant; and we may apply it to the Gaussian transformation,

a+ad cosT+a"sinT
¢+¢ cosT+¢"sin 1’

COSw—

b+bcosT+58"sinT
c+c cos T+ ¢ sin T’

sin o=

where the coefficients a, b, ¢, &, ¥, ¢, ', 8", ¢" are such that identically

1
(c+c cos T+c"sin'T)

cos’w~4sinw—1=

5 {cos?T+sin*T—1}

(cos @ /48 —a)+(sinw/g+0—B)—y? that is
cos2w(f'-|;6) +sinw (g 40)— 20 o/ fF08 cos w—2B £/ gF0 sin wtk

1 .
=(osdcos T4 sin ™) (G,— G, cos’T—G, sin’T).

30. It is found that G,, G,, G, are the roots of a cubic equation
(G4+0—6,)(G+6—06,)(G +6—4,),

which being so, we may assume G,=0, —0, G,=6,—6, G,=4,—0, or the second condition
in fact is

(f46) cos’w+(g44) sin 2w—2a\/m cos w— 2B/ g+0sinw+k

1 L
~ (¢4 cos T+¢sin T)2 10,—0—(0,—9) 08’ T— (6,—6) sin® T} ;

and this being so, we find without difficulty the values

o OO Sl Sl g [ gl gt

, — 3 2 SH0 . g+6,
JS=g.0,—10,.6,—0, g=f b=y 0,—05 Gl_oe-elfes’

(&)

a’2:_g+02'f+61'f+63 612____f+9a-.9+91-.9+63 012___f;|’_02;.9+62

f=g 8,—0, . G,—by T = 0,—0, . 6,—0, T 0,—0,.0,—0,

a//2:_9+93-f+91-f+99’ 6112:_f+93-.9+91-.9+92 0112:_%g+63
f—g.0,—0,.0;—90, g—f.0s—0,.6,—0, ‘ O5—0,.65—0,

(to make these positive the order of ascending magnitude must, however, be not as
heretofore &,, 0, 0,, but 6,, 6, 6,, viz. we must have f4+0,, f+0, f+06, g+0,, g+0,,
—(g+8s), 6,— 8, 6,—0,, 6,—48, all positive).

31. The above are the values of the squares of the coefficients ; we must have definite

relations between the signs of the products aa/, b0/, ab, &c., viz. we may have
MDCCCLXXVIL. 3T
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. Jth /6,8, S -0,0,
A= A 5,—6,.0,=6; W= 4 R
g+ \/ T nr_ g+, B i gtby a a
0= J=f 6=t » , b b"—g“*——f. i,—0 s s bb ===, ’ ,

1 — 1 S 1 S .
fall e 1y . f —
c'¢ 6,—0, \/ » , Cc= 0,—6, A\/ » , CC = 5,0, \/ » ,

and further

ab :f;'y';"e?,"i%'o“;‘.“ef—’é; V=000, bo=-— fﬁ N r\/' 44 9 + 6% I8 = — 93_99;1‘%9;_ I [0y, Jf”_:ﬁq -f+bs
’blzf—y.el:ég.‘ 69—63'\/ » , bd= g;l;;:;:o; VMM:‘_W, da'= 53—_% wv.—',, o
”b":f—:q.@e—-_- 013.63—6l Vo = g;:{fjoi""jai . de'= 9;_—%0“1 T
and also
v =/ .jf;f RIS e R SOV Lt
o AT, coves =S TR
be' +be zgf i{“ % 9ij ef:r: ef‘j . cd+ca =°f;,_?~16:_% _ﬁﬁ,s_'effg;fiigf-

32. These values, in fact, satisfy the several relations which exist between the nine
coefficients, viz. the original expressions of cosa, sinw, in terms of cos T, sin T give
conversely expressions of cosT, sin T in terms of cos w, sin w, the two sets being

cos a+dcosT+a"sin'T T o cosw+b sinw—¢
W= : o8 | = — e
¢+ cos T+ ¢ sin T° cos acosw+bsinw —¢’
. _b+¥cosT+"sinT T a" cos w+ 0" sin w—¢'
S &= cos T+ ¢ sin T° Sin 1 =—

acosw-+bsinw—c

and we have then the relations

. 1 .
cos’w+sin*w —1= crdoos TT s T)? (cos* T+sin*T—1),

1
(acosw+bsinw—c)

cos’T +4sin’T— 1= E (cos’w-+sin*s—1),
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(64f) cos’w+(8+¢) sin*w— 2a \/G‘—chos W—ZB\/m sinw-+£&

' ]' 2 : 2"
:(c_l_c,cosT_I_C,,SinT)Q{(@l—@)——(éz——G) cos’T—(8,—0) sin* T},

(6,—0)—(8,—0) cos®T — (6;—8) sin’T

= (oo Thsin ozt O-HF) cosw-(I+g) sin®o—2u /T F cos o— 2B/ TF g sin -t £,

giving the four sets each of six equations

a4+ —c*=—1, da'+0b"—c'¢d"=0,

a® +0” —c?=+41, ad'a +0"0—c'c =0,

al!2+bll2__cll2______|_1, aal_l_bbl —-00’ :0,

__a2_l_a12 _l_all2:+1’ _bc_l_blc/_l_b”c”:o,

— 0402 0P =41, —ca+cao+d'd' =0,

—? =1, —ab+ab +a'y"' =0,
O+f)a +(6+9)p —Za\/m' ac — 28/ 84¢ be +ked = 6,—0,
(6+f)a” +(8+9)" —2a\/6+f ad —26\/8—4—_9 b'c +k¢”? =—0,40,
(0-|—f)a/’2 +(6—|—g)b”2—2a\/8—-|_—7'a”c” —26\/6‘4—:?5”0" —|—k0"2=—93—|—@,

(6—[—f)a’a”+(0+g)b’b”—a\/m(a’d’-I—a”c’)—ﬁ \/6‘4"_—97(610//+ZIICI)+deII=O,
O+f)d'a +O+9)8"b —an/0+F (d'c+ad )—BA/G4g (8'c+bc" )+kd'ec =0,
(0+f)ad +(6+9)bl —an/O+F (ac'+a'c) —B/G+yg (b¢ +¥c) +ked =0,

(6, —0)a*— (6, —6)a"— (6;—0)a"=0+f; or say (b, +/)a’—(bo+f)a” — (b +f )a"=0,
=05 == — (=00 =b4g, »  (hFg)P*—(at 9)0"—(la+g) 9" =0,
(6,—8)*—(6,—0)c"* —(8,—6)c"™ =k, ,» 02 — 0,c® —0,c" =k-0,
—(8,—0)bc +(,—O)b'd +(8,—0)b"c" = — B S 6L,
— (6= 0)ca + (0— )+ (8, 8) " = —a J6EF,
(6,—8)ab—(6,— )/t — (6,—0)a"8"= 0

all which formule are in fact satisfied by the foregoing values of the expressions
a’, b?, o?, &ec.
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33. We then have
dT .
c+ccosT+c"sin'T ?

do=

and the radical which multiplies do being

1 0
=i d s TT I enT /0, —0, cos?T —4, sin’T,

the differential becomes

dT &8, —6,cos® T—f,sin2 T

= - —,
(3‘?—7-9 +er_:_:;) (c+¢ cosT+c"sin'T)2 /O

that is

_ dT a/8,—6, cos T 05 sin® T
{f-i-@ (a+d cos T+ 4d" sin T)9+ (b+b’ cos T+ 4" sin T)Q} A\/®

The denominator could, of course, be reduced to the form (%Y1, cosT, sin T)?; but the
actual form seems preferable, inasmuch as it puts in evidence the linear factors

"

(a+d cosT

N/f - (b4 cos T+4" sinT),

and there seems to be no advantage in further reducing the integral.

g+0



